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OCTAHEDRAL NORMS IN FREE BANACH LATTICES
SHELDON DANTAS, GONZALO MARTI´NEZ-CERVANTES, JOSE´ DAVID RODRI´GUEZ ABELLA´N,
AND ABRAHAM RUEDA ZOCA
Abstract. In this paper, we study octahedral norms in free Banach lattices FBL[E]
generated by a Banach space E. We prove that if E is an L1(µ)-space, a predual of von
Neumann algebra, a predual of a JBW∗-triple, the dual of anM -embedded Banach space,
the disc algebra or the projective tensor product under some hypothesis, then the norm
of FBL[E] is octahedral. We get the analogous result when the topological dual E∗ of
E is almost square. We finish the paper by proving that the norm of the free Banach
lattice generated by a Banach space of dimension ≥ 2 is nowhere Fre´chet differentiable.
Moreover, we discuss some open problems on this topic.
1. Introduction
Recently, a new concept was introduced by A. Avile´s, J. Rodr´ıguez, and P. Tradacete
in order to establish strong connections between Banach lattices and Banach spaces [4].
If E is a Banach space, then the free Banach lattice generated by E is a Banach lattice
that contains a subspace which is linearly isometric to E and such that the elements of
this new space can be seen as lattice-free generators (see Section 2 for a precise definition).
Since then, it has been intensively studied for the purpose of better understanding how
the vector space, the order, and the topological structures are related. In particular, in
[4] they answered a question of J. Diestel, providing an example of a Banach lattice which
is weakly compactly generated as a lattice but not as a Banach space. Namely, they
proved that the free Banach lattice generated by ℓp(Γ) contains an isomorphic copy of
ℓ1(Γ) whenever 1 < p ≤ 2 and, therefore, it is not weakly compactly generated whenever Γ
is uncountable [4, Theorem 5.4]. Notice that it is weakly compactly generated as a lattice
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since the canonical copy of ℓp(Γ) inside it generates the whole space. Surprisingly, later on
it was proved that the free Banach lattice generated by ℓp(Γ) is weakly compactly generated
whenever 2 < p <∞ [5].
In general, it is not clear what properties a free Banach lattice can inherit from its
generator Banach space. In fact, it is a difficult task to deal with problems involving
geometric aspects of the free Banach lattice generated by a Banach space. This is so because
a good description of its elements is not yet known; although we do have an explicit formula
for its norm, it requires somehow an extra effort when it comes to geometric properties and,
in particular, when it comes to the study of octahedrality of the norm. Recall that the
norm of a Banach space E is said to be octahedral if, for every finite-dimensional subspace
Z of E and every ε > 0, there exists x ∈ SE such that ‖z+λx‖ ≥ (1−ε)(‖z‖+|λ|) for every
z ∈ Z and λ ∈ R. That is, every finite-dimensional subspace Z of E has a 1-dimensional
complement V in E in such a way that, when one sees Z ⊕ V in E, it is roughly speaking
an ℓ1-sum up to ε. Indeed, ℓ1 has octahedral norm. Also, it is well-known that if E has
the Daugavet property, then both E and E∗ have octahedral norm.
From our point of view, the difficulty of dealing with the norm of a free Banach lat-
tice should be compared to the projective norm on the projective tensor product between
Banach spaces. According to P. Tradacete (private communication), analogously to the
projective norm, free Banach lattices do not have a good behavior when it comes to iso-
metric subspaces in general. It seems to be reasonable, therefore, to try transferring the
techniques from tensor products into this new context by looking at the examples where oc-
tahedrality of the norm in projective tensor products has a good behavior (see [20, 21, 26]).
For instance, it has been recently proven in [21, Theorem 4.3] that if E is a non-reflexive
L-embedded space and F is a Banach space such that either E∗∗ or F has the metric
approximation property, then E⊗̂πF has an octahedral norm (this result should be com-
pared to our Theorem 3.1); also, [20, Corollary 2.9] says that, under some conditions on a
Banach space E, the projective norm on E∗⊗̂πF
∗ is octahedral when E is almost square
(this should be compared to our Theorem 4.1); finally, by [21, Proposition 4.1], if F is a
finite-dimensional Banach space and E⊗̂πF has an octahedral norm, then so does E (this
should be compared, which turns out to be an open question, to Question 5.4).
Let us briefly describe the content of this article. In Section 2, we introduce the necessary
notation and background. We also prove some results which relate the structures of both
FBL[E] and FBL[E∗∗]; these have direct implications in the following section. In Section
3, we prove Theorem 3.1, which turns out to be one of the main results of the paper. This
provides a large class of Banach spaces E for which the norm of FBL[E] is octahedral such
as L1(µ)-spaces, preduals of von Neumann algebras, preduals of JBW
∗-triples, duals of an
M-embedded Banach spaces or some projective tensor product spaces (see Example 1). In
Section 4, we prove the other main result of the paper, Theorem 4.1, where we obtain that
the norm of FBL[E] is octahedral whenever E is a Banach space with almost square dual.
Finally, we finish the paper with Section 5 by presenting some open questions related to
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the topic and some remarks. Let us point out that we prove in Proposition 5.5 that if E is
a finite-dimensional Banach space with dimension ≥ 2, then all the convex combinations of
w∗-slices of the unit ball of FBL[E]∗ has diameter bigger than a fixed constant (depending
only on E), which suggests that the norm of FBL[E] can be octahedral even when E is
finite-dimensional with dim(E) ≥ 2 (see Question 5.4). As a consequence, the norm of
the free Banach lattice generated by a Banach space of dimension ≥ 2 is nowhere Fre´chet
differentiable.
2. Notation and Preliminary Results
In this paper, we consider only real Banach spaces. Given a Banach space E, BE
(respectively, SE) stands for the closed unit ball (respectively, the unit sphere) of E. We
denote by E∗ the topological dual space of E. By a slice of BE , we mean a subset of the
form
S(BE, f, α) := {x ∈ BE : f(x) > 1− α},
where f ∈ SE∗ and α > 0. If E is a dual space, say E = F
∗, by a w∗-slice of BE∗ , we
mean a slice of the form S(BE, y, α) with y ∈ F . As we already have mentioned in the
introduction, the norm of a Banach space E is said to be octahedral if for every ε > 0 and
every finite-dimensional subspace Z of E, there is x ∈ SE such that
‖z + λx‖ ≥ (1− ε)(‖z‖+ |λ|),
for every z ∈ Z and λ ∈ R (see [12]). Let us notice also that a Banach space E has an
octahedral norm if and only if given x1, . . . , xn ∈ SE and ε > 0, we can find x ∈ SE such
that ‖xi + x‖ > 2 − ε, for every i ∈ {1, . . . , n} (see [16, Proposition 2.1]). We will make
use of this fact throughout the whole paper without any explicit mention.
We say that E satisfies the strong diameter two property (SD2P, for short), if every
convex combination of slices of the closed unit ball of E has diameter two. If E is itself
a dual Banach space, then the w∗-strong diameter two property (w∗-SD2P, for short) can
be defined as usual just invoking convex combinations of w∗-slices of the unit ball of E.
Examples of Banach spaces which satisfy the strong diameter two properties are infinite-
dimensional uniform algebras [25], Banach spaces satisfying Daugavet property [29] or
non-reflexive M-embedded spaces [24].
It is known that the norm on a Banach space E is octahedral if and only if E∗ satisfies the
w∗-SD2P (see [7, Theorem 2.1]). It is also known that a Banach space E has an equivalent
octahedral norm if and only if E contains an isomorphic copy of ℓ1 (see [14]). Very recently,
the previous result was improved in [22], where it was proved that if a Banach space E is
separable and contains an isomorphic copy of ℓ1, then there exists an equivalent renorming
of E such that the bidual norm is octahedral.
Now, let us describe formally the objects we are working with in the paper. If X, Y are
Banach lattices, we say that an operator T : X −→ Y is a Banach lattice homomorphism,
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or simply, a lattice homomorphism, if it preserves the lattice operations, that is, T (x∧y) =
T (x) ∧ T (y) and T (x ∨ y) = T (x) ∨ T (y) for every x, y ∈ X . If E is a Banach space,
then the free Banach lattice generated by E is a Banach lattice X together with a bounded
operator φE : E −→ X with the property that for every Banach lattice Y and every bounded
operator T : E −→ Y , there is a unique Banach lattice homomorphism Tˆ : X −→ Y such
that T = Tˆ ◦ φE and ‖Tˆ‖ = ‖T‖. Note that this definition generalizes the notion of a free
Banach lattice generated by a set with no extra structure (see [4, Corollary 2.8]). Let x ∈ E
be given and denote by δx : E
∗ −→ R the evaluation function given by δx(x
∗) = x∗(x) for
every x∗ ∈ E∗. For a function f : E∗ −→ R, we define the norm
‖f‖FBL[E] := sup
{
n∑
i=1
|f(x∗i )| : n ∈ N, x
∗
1, . . . , x
∗
n ∈ E
∗, sup
x∈BE
n∑
i=1
|x∗i (x)| ≤ 1
}
.
The following remark will play an important role throughout this paper and will be used
without any explicit reference.
Remark 2.1. Given x∗1, . . . , x
∗
n ∈ E
∗, the condition sup
∑n
i=1 |x
∗
i (x)| ≤ 1 over all elements x
in BE is equivalent to the condition that ‖
∑n
i=1 ξix
∗
i ‖ ≤ 1 holds for every choice of signs
ξ1, . . . , ξn ∈ {−1, 1}.
By [4, Theorem 2.4], the free Banach lattice generated by the Banach space E is the
closure of the vector lattice generated by the set {δx : x ∈ E} in R
E∗ under the above norm.
In other words, FBL[E] is the Banach lattice generated by {δx : x ∈ E} in the Banach
lattice RE
∗
with the norm ‖ · ‖FBL[E], the pointwise order, and the pointwise operations.
Therefore, given a Banach space E, it is always possible to construct the associated free
Banach lattice. We would like to highlight that the natural identification of E in FBL[E]
is given by the map φE : E −→ FBL[E] defined by x 7→ δx for every x ∈ E (it is a linear
isometry between E and its image in FBL[E]). Moreover, all the functions in FBL[E]
are positively homogeneous (i.e., f(λx∗) = λf(x∗) for every λ ≥ 0 and every x∗ ∈ E∗)
and w∗-continuous when restricted to BE∗. A function f : E
∗ −→ R is said to depend on
finitely many coordinates x1, . . . , xn ∈ E if f(x
∗) = f(y∗) whenever x∗(xi) = y
∗(xi) for
every i ≤ n. Notice that each δx depends only on one coordinate (just x). Since every
function in FBL[E] can be approximated by a finite lattice linear combination of elements
of the form δxi , the following holds true.
Remark 2.2. Every function in FBL[E] can be approximated by a function depending on
finitely many coordinates.
For every functional x∗ : E −→ R, we can define the functional δx∗ : FBL[E] −→ R given
by the formula δx∗(f) = f(x
∗) for every f ∈ FBL[E]. Since the functions of FBL[E] are
w∗-continuous, it follows that the map ι : E∗ −→ FBL[E]∗ defined by x∗ 7→ δx∗ for every
x∗ ∈ E∗ is w∗-to-w∗ continuous, although it is not linear. Throughout this paper we use
the following lower and upper bounds for a linear combination of elements of this form.
OCTAHEDRAL NORMS IN FREE BANACH LATTICES 5
Lemma 2.3. Let x∗1, . . . , x
∗
n ∈ E
∗ and a1, . . . , an ∈ R. Then,
‖a1x
∗
1 + . . .+ anx
∗
n‖ ≤ ‖a1δx∗1 + . . .+ anδx∗n‖FBL[E]∗
≤ max{‖µ1a1x
∗
1 + . . .+ µnanx
∗
n‖ : µ1, . . . , µn ∈ {−1, 1}}.
Proof. The first inequality follows from
‖a1δx∗1 + . . .+ anδx∗n‖FBL[E] ≥ sup
x∈BE
(
a1δx∗1 + . . .+ anδx∗n
)
(δx)
= sup
x∈BE
(a1x
∗
1(x) + . . .+ anx
∗
n(x))
= ‖a1x
∗
1 + . . .+ anx
∗
n‖.
To prove the second inequality, set
α := max{‖µ1a1x
∗
1 + . . .+ µnanx
∗
n‖ : µi ∈ {−1, 1}}.
Then, by Remark 2.1,
sup
x∈BE
n∑
i=1
|aix
∗
i (x)|
α
= 1.
Thus, for any f ∈ FBL[E], by the definition of the norm in FBL[E], we have
‖f‖FBL[E] ≥
n∑
i=1
aif
(
x∗i
α
)
=
1
α
n∑
i=1
aif(x
∗
i )
=
1
α
(a1δx∗1 + . . .+ anδx∗n)(f).
So, ‖a1δx∗1 + . . .+ anδx∗n‖FBL[E]∗ ≤ α and this proves the second inequality. 
Recall that, for a Banach space E, we say that a subset A of BE∗ is norming if, for every
x ∈ E, we have ‖x‖ = sup{|ϕ(x)| : ϕ ∈ A}. It follows from the definition of the norm
‖ · ‖FBL[E] that the set
(2.1) A :=
{
n∑
i=1
ξiδx∗i : x
∗
i ∈ E
∗, ξi ∈ {−1, 1}, sup
x∈BE
n∑
i=1
|x∗i (x)| ≤ 1
}
⊆ BFBL[E]∗
is norming for FBL[E]. By a separation argument, we have that cow
∗
(A) = BFBL[E]∗,
where cow
∗
(A) denotes the w∗-closed convex hull of A. Indeed, using the fact that, for
every x∗ ∈ E∗ and every nonnull λ ∈ R, we have that λδx∗ = ξδ|λ|x∗, where ξ is the sign of
λ, it follows that A is a convex set. Thus, indeed,
A
w∗
= cow
∗
(A) = BFBL[E]∗.
Next we prove that the set A, although algebraically written in the same way as above
but now viewed as a subset of FBL[E∗∗]∗, is norming for this space.
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Lemma 2.4. Let E be a Banach space. Consider the set
A :=
{
n∑
i=1
ξiδx∗i : x
∗
i ∈ E
∗, ξi ∈ {−1, 1}, sup
x∈BE
n∑
i=1
|x∗i (x)| ≤ 1
}
.
Then, we have that
(1) A is a subset of FBL[E∗∗]∗.
(2) A is norming for FBL[E∗∗].
(3) FBL[E] is isometric to a sublattice of FBL[E∗∗].
Proof. Item (1) is immediate from the definition. Let us prove (2). Pick f ∈ FBL[E∗∗]
depending on finitely many coordinates, say {x∗∗1 , . . . , x
∗∗
k }. Let ε > 0 be given. By Remark
2.2, it is enough to find a ∈ A with a(f) > 1− ε. To this end, take an element
∑n
i=1 ξiδx∗∗∗i
in the norming set{
n∑
i=1
ξiδx∗∗∗i : x
∗∗∗
i ∈ E
∗∗∗, ξi ∈ {−1, 1}, sup
x∗∗∈BE∗∗
n∑
i=1
|x∗∗∗i (x
∗∗)| ≤ 1
}
such that
n∑
i=1
ξif(x
∗∗∗
i ) > ‖f‖ − ε.
Notice that ∥∥∥∥∥
n∑
i=1
σix
∗∗∗
i
∥∥∥∥∥ ≤ 1
holds for every choice of signs σ1, . . . , σn ∈ {−1, 1}. Define H := span{x
∗∗∗
1 , . . . , x
∗∗∗
n } and
F := span{x∗∗1 , . . . , x
∗∗
k }, and pick any η > 0. By the Principle of Local Reflexivity (see,
for instance, [13, Theorem 9.15]), we can find an operator T : H −→ E∗ such that
(1) (1− η)‖e‖ ≤ ‖T (e)‖ ≤ (1 + η)‖e‖ holds for every e ∈ H and
(2) x∗∗(T (x∗∗∗)) = x∗∗∗(x∗∗) holds for every x∗∗∗ ∈ H and every x∗∗ ∈ F .
Define x∗i := T (x
∗∗∗
i ). On the one hand, notice that given any choice of signs σ1, . . . , σn ∈
{−1, 1}, we get that∥∥∥∥∥
n∑
i=1
σix
∗
i
∥∥∥∥∥ =
∥∥∥∥∥T
(
n∑
i=1
σix
∗∗∗
i
)∥∥∥∥∥ ≤ (1 + η)
∥∥∥∥∥
n∑
i=1
σix
∗∗∗
i
∥∥∥∥∥ ≤ 1 + η.
This implies that
a :=
n∑
i=1
ξiδ x∗i
1+η
∈ A.
Moreover, notice that x∗i = x
∗∗∗
i on F . Since f depends on the coordinates x
∗∗
1 , . . . , x
∗∗
k ,
we get that f(x∗i ) = f(x
∗∗∗
i ) holds for every i ∈ {1, . . . , n}. Finally, since f is positively
homogeneous, we get that
a(f) =
∑n
i=1 ξif(x
∗∗∗
i )
1 + η
>
1− ε
1 + η
.
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Let us now prove item (3). Let i be the canonical isometric embedding of E into E∗∗.
Consider φE∗∗ : E
∗∗ −→ FBL[E∗∗] the canonical isometry. By the definition of FBL[E],
there exists a unique lattice homomorphism T : FBL[E] −→ FBL[E∗∗] such that T ◦φE =
φE∗∗ ◦ i and ‖T‖ = ‖φE∗∗ ◦ i‖ = 1.
Claim: T is an isometry.
Indeed, first notice that since T ◦φE = φE∗∗ ◦ i, we have that T (δx) = δx for every x ∈ E.
Let a :=
∑n
i=1 ξiδx∗i ∈ A be given. Notice that if f ∈ {δx : x ∈ E}, then
a(T (f)) = a(f),
which implies that a(T (f)) = a(f) for every f which is in the vector lattice generated by
{δx : x ∈ E}. Now, we use the fact that A is norming for both FBL[E] and FBL[E
∗∗] to
see that
‖T (f)‖FBL[E∗∗] = sup
a∈A
a(T (f)) = sup
a∈A
a(f) = ‖f‖FBL[E]
holds for every f in the vector lattice generated by {δx : x ∈ E}. This implies that T is an
isometry in a dense subspace of FBL[E]. Then, T is an isometry in the whole space. 
By item (3) of Lemma 2.4 we can identify, in a canonical way, FBL[E] as an isometric
sublattice of FBL[E∗∗], for every Banach space E. We will make use of this fact without
any further explicit reference throughout the paper.
The following lemma will be useful to inherit an octahedrality condition on a free Banach
lattice FBL[E] from FBL[E∗∗]. This result should be compared to the fact that the norm
of X is octahedral if the norm of X∗∗ is octahedral (it follows, for instance, from the
Principle of Local Reflexivity). This will play an important role in the proof of Theorem
3.1 in the next section.
Lemma 2.5. Let E be a Banach space, f1, . . . , fk ∈ SFBL[E], and ε > 0. Assume that there
exists x∗∗ ∈ BE∗∗ such that
‖fi + δx∗∗‖FBL[E∗∗] > 2− ε.
Then, there exists x ∈ BE such that
‖fi + δx‖FBL[E] > 2− ε,
holds for every i ∈ {1, ..., k}.
Proof. Let i ∈ {1, . . . , k} be fixed and assume that there exists x∗∗ ∈ BE∗∗ such that
‖fi + δx∗∗‖FBL[E∗∗] > 2− ε. Then, by Lemma 2.4, there exists
∑ni
j=1 ξijδx∗ij ∈ A such that
ni∑
j=1
ξij(fi(x
∗
ij) + δx∗∗(x
∗
ij)) =
ni∑
j=1
ξij(fi(x
∗
ij) + x
∗∗(x∗ij)) > 2− ε.
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By using the w∗-denseness of BE in BE∗∗, we may find a net (xs)
w∗
−→ x∗∗. By the previous
convergence, we get that
ni∑
j=1
ξij(fi(x
∗
ij) + xs(x
∗
ij)) −→
ni∑
j=1
ξij(fi(x
∗
ij) + x
∗∗(x∗ij)) > 2− ε.
Hence, we can find x = xs, for s large enough, so that
ni∑
j=1
ξij(fi(x
∗
ij) + x(x
∗
ij)) > 2− ε.
Consequently,
‖fi + δx‖FBL[E] ≥
ni∑
j=1
ξij(fi(x
∗
ij) + δx(x
∗
ij))
=
ni∑
j=1
ξij(fi(x
∗
ij) + x(x
∗
ij)) > 2− ε,
as desired. 
3. Octahedral norms in free Banach lattices in terms
of the Cunningham algebra
Let us start this section by enunciating the main result followed by some examples that
show which Banach spaces satisfy the conditions of the theorem. Afterwards, we give
the necessary definitions and background in order to prove Theorem 3.1. We follow the
notation from [9]; given a Banach space E, we denote by C(E) the Cunningham algebra
of E (see the paragraph preceding Theorem 3.3 for a formal definition) and by E(∞ the
completion of the normed space
⋃∞
n=0E
(2n, where (E(2n)∞n=0 is the sequence of even duals
such that E ⊆ E∗∗ ⊆ E(4 ⊂ . . . ⊆ E(2n ⊆ . . ..
Theorem 3.1. Let E be a Banach space and suppose that C(E(∞) is infinite-dimensional.
Then, given f1, . . . , fn ∈ SFBL[E] and ε > 0, there exists an element x ∈ BE such that
‖fi + δx‖FBL[E] > 2− ε
holds for every i ∈ {1, . . . , n}. In particular, the norm of FBL[E] is octahedral.
Let us exhibit some examples where Theorem 3.1 applies.
Example 1. C(E(∞) is infinite-dimensional (and so the norm of FBL[E] is octahedral) if
the Banach space E satisfies one of the following conditions.
(1) E is a non-reflexive L-embedded Banach space (see [3, Proposition 3.4]). Let us
recall that a Banach space E is said to be L-embedded if E∗∗ = E ⊕1 Z for some
subspace Z of E∗∗. Examples of L-embedded Banach spaces are L1(µ)-spaces,
preduals of von Neumann algebras, preduals of real or complex JBW ∗-triples, duals
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of M-embedded Banach spaces or the disk algebra (we refer the reader to the
references [17, Example IV.1.1] and [6, Proposition 2.2] for formal definitions and
details).
(2) E is the projective tensor product E1⊗̂πE2 (which is the topological dual of the set of
all bounded operators L(E1, E
∗
2)) whenever C(E1) or C(E2) is infinite-dimensional
(it follows from [3, item (4), p. 851] and from the fact that, given any Banach space
F , we have that C(F ) and Z(F ∗) are linearly isometric (see [10, Theorems 5.7 and
5.9]). For the necessary background on projective tensor products, we suggest the
reader to go through Chapter 2 of [28].
In what follows, we introduce the necessary background in order to prove Theorem
3.1. Given a family {Ei}i∈I of Banach spaces, we denote by
∏∞
i∈I Ei the Banach space
of elements x ∈
∏
i∈I Ei such that supi∈I ‖x(i)‖ < ∞ endowed with the sup-norm. By a
function module, we mean (the third coordinate of) a triple (K, (Et)t∈K , E), where K is a
non-empty compact Hausdorff topological space (called the base space), (Et)t∈K is a family
of Banach spaces, and E is a closed C(K)-submodule of the C(K)-module
∏∞
t∈K Et such
that:
(i) the function t 7→ ‖x(t)‖ from K to R is upper semicontinuous for every x ∈ E.
(ii) Et = {x(t) : x ∈ E} for every t ∈ K.
(iii) the set {t ∈ K : Et 6= 0} is dense in K.
We notice that ‖x‖ = supt∈K ‖x(t)‖ for every x ∈ E. We refer the reader to the book [10,
p. 75] for basic results on function modules. We denote by L(E) the space of all bounded
linear operators on E. By a multiplier on E, we mean an element T ∈ L(E) such that
every extreme point of BE∗ becomes an eigenvector for T
∗. Then, given a multiplier T on
E and an extreme point p of BE∗ , there exists a number aT (p) satisfying
p ◦ T = T ∗(p) = aT (p)p.
The centralizer of E, denoted by Z(E), is defined as the set of all multipliers on E (recall
that we are considering only real Banach spaces). Z(E) is a closed subalgebra of L(E)
isometrically isomorphic to C(KE) for some Hausdorff compact space KE. Moreover, E
can be seen as a function module whose base space is precisely KE and such that the
elements of Z(E) are precisely the operators of multiplication by the elements of C(KE)
(see, for instance, [10, Theorem 4.14]).
We will be making use of the following fact.
Lemma 3.2. [9, Lemma 2.1] Let E be a Banach space. Let (K, (Et)t∈K , E) be a function
module and let p be an extreme point of BE. Then, for every t ∈ K, we have ‖p(t)‖ = 1.
Next, we give a precise definition of the Cunningham algebra. For a Banach space E, an
L-projection on E is a (linear) projection P : E −→ E satisfying ‖x‖ = ‖P (x)‖+‖x−P (x)‖
for every x ∈ E. In such a case, we will say that the subspace P (E) is an L-summand of E.
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Let us notice that the composition of two L-projections on E is an L-projection (see [10,
Proposition 1.7]). So, the closed linear subspace of L(E) generated by all L-projections
on E is a subalgebra of L(E). This algebra, denoted by C(E), is called the Cunningham
algebra of E. It is known that C(E) is linearly isometric to Z(E∗) (see [10, Theorems 5.7
and 5.9]).
Before giving the proof of Theorem 3.1, we need the following analogous result which
assumes that the Cunningham algebra of the Banach space E itself is infinite-dimensional.
Recall that if (fn)n∈N is a uniformly bounded sequence in C(K) such that (fn)n∈N converges
to zero pointwise, then fn converges to zero in the weak topology of C(K) (see, for instance,
[13, Theorem 12.1]). We will use this fact in the proof of Theorem 3.3 below.
Theorem 3.3. Let E be a Banach space and suppose that C(E) is infinite-dimensional.
Then, for every f1, . . . , fk ∈ SFBL[E] and every ε > 0, there exists x ∈ SE such that
‖fi + δx‖FBL[E] > 2− ε
holds for every i ∈ {1, . . . , k}. In particular, the norm of FBL[E] is octahedral.
Proof. Let k ∈ N, f1, . . . , fk ∈ SFBL[E], and ε > 0. For every i ∈ {1, . . . , k}, let∑ni
j=1 ξijδx∗ij ∈ A such that (
ni∑
j=1
ξijδx∗ij
)
(fi) > 1−
ε
2
.
Since Z(E∗) is infinite-dimensional (because C(E) is infinite-dimensional), then E∗ can be
seen as a C(K)-function module whose base space K is infinite and such that the elements
of Z(E∗) are precisely the operators of multiplication by the elements of C(K). Because
of this, we may find a sequence {On}n∈N of disjoint open sets in K. Given n ∈ N, we take
tn ∈ On. By the Urysohn lemma, we can find hn ∈ C(K) such that
0 ≤ hn ≤ 1, hn(tn) = 1, and hn|(L\On) = 0.
Let us notice that {hn}n∈N is a sequence of bounded functions which converges to zero
pointwise. So, hn
w
−→ 0 in C(K). Consequently,
(1− hn)x
∗ w−→ x∗
for every x∗ ∈ E∗. Now, let us note that the set of extreme points of BE∗ is not empty by
the Krein-Milman theorem, which allows us to take an extreme point p ∈ Ext(BE∗). For
each n ∈ N, let us define
y∗n,ij := (1− hn)x
∗
ij + hnσij
p
ni
,
where εijσij = 1 for every i, j.
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Claim: For every ε1, . . . , εn ∈ {−1, 1}, we have that∥∥∥∥∥
ni∑
j=1
εjy
∗
n,ij
∥∥∥∥∥ ≤ 1.
Indeed, for every t ∈ K, we have
∥∥∥∥∥
ni∑
j=1
εjy
∗
n,ij(t)
∥∥∥∥∥ =
∥∥∥∥∥
ni∑
j=1
εj
(
(1− hn(t))x
∗
ij(t) + hn(t)σij
p(t)
ni
)∥∥∥∥∥
≤ |1− hn(t)|
∥∥∥∥∥
ni∑
j=1
εjx
∗
ij(t)
∥∥∥∥∥+ |hn(t)|
ni∑
j=1
‖p(t)‖
ni
≤ (1− hn(t)) + hn(t)
= 1.
Taking supremum in t, the claim is proved by the properties of a function module.
Now, notice that, fixed i ≤ k and j ∈ {1, . . . , ni}, we have that
(
y∗n,ij
)
n∈N
converges to
x∗ij in the w-topology of E
∗, and therefore it also converges in the w∗-topology. This implies
that
ni∑
j=1
ξijδy∗n,ij
w∗
−→
ni∑
j=1
ξijδx∗ij .
Therefore, we can fix m ∈ N such that
(3.1)
(
ni∑
j=1
ξijδy∗m,ij
)
(fi) > 1−
ε
2
.
By Lemma 3.2, we have that ‖p(tm)‖ = 1. Thus, we can find ϕ ∈ SE∗tm such that ϕ(p(tm)) >
1− ε
2
. Define φ : E∗ −→ R by the equation
φ(x∗) = ϕ(x∗(tm)) (x
∗ ∈ E∗).
It is clear that φ is linear, bounded, and that ‖φ‖ ≤ 1. In other words, φ ∈ BE∗∗. Hence,
by Lemma 2.4 and inequality (3.1), we get that
‖fi + δφ‖FBL[E∗∗] ≥
(
ni∑
j=1
ξijδy∗m,ij
)
(fi + δφ) > 1−
ε
2
+
ni∑
j=1
ξijφ(y
∗
m,ij),
where in the first inequality we are using that ‖
∑ni
j=1 ξijδy∗m,ij‖ ≤ 1 by the previous claim
and Lemma 2.3.
On the other hand,
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ni∑
j=1
ξijφ(y
∗
m,ij) =
ni∑
j=1
ξijϕ
(
(1− hm)(tm)x
∗
ij(tm) + hm(tm)σij
p(tm)
ni
)
=
ni∑
j=1
ξijσij
ϕ(p(tm))
ni
= ϕ(p(tm)) > 1−
ε
2
.
Therefore, ‖fi+δφ‖FBL[E∗∗] > 2−ε. Finally, by Lemma 2.5, there exists an element x ∈ BE
such that ‖fi + δx‖FBL[E] > 2− ε holds for every i ∈ {1, . . . , k}, as desired. 
Recall that E(∞ is the completion of the normed space
⋃∞
n=0E
(2n, where E ⊆ E∗∗ ⊆
E(4 ⊂ . . . ⊆ E(2n ⊆ . . .. In particular, for every n ∈ N, we can define Pˆ :
⋃∞
m≥nE
(2m −→
E(2n by the formula Pˆ (x) = x|E(2n−1 for every x ∈
⋃∞
m≥nE
(2m. It is immediate that
‖Pˆ‖ = 1 and, since E(∞ can be seen as the completion of the normed space
⋃∞
m≥nE
(2m,
Pˆ can be uniquely extended by completion to an operator P´ : E(∞ −→ E(2n. Now, if we
denote by I : E(2n −→ E(∞ the canonical inclusion, then P := I ◦ P´ : E(∞ −→ E(∞ satisfies
P 2 = P , P (E(∞) = E(2n and ‖P‖ = 1. Thus, each E(2n is 1-complemented in E(∞ for
every n ∈ N. It follows from [4, Corollary 2.7] that FBL[E(2n] is lattice isometric to a
sublattice of FBL[E(∞]. Moreover, since FBL[E] is lattice isometric to a sublattice of
FBL[E∗∗] by Lemma 2.4, we conclude that FBL[E(2n] is lattice isometric to a sublattice
of FBL[E(∞] for every n ≥ 0. Now we are ready to prove Theorem 3.1.
Proof of Theorem 3.1. Suppose that C(E(∞) is infinite-dimensional. Let k ∈ N be fixed.
Let f1, . . . , fk ∈ SFBL[E] and ε > 0 be given. We can see fi in SFBL[E(∞]. Since C(E
(∞) is
infinite-dimensional, by Theorem 3.3, there exists x ∈ SE(∞ such that ‖fi + δx‖FBL[E(∞] >
2−ε for every i = 1, . . . , k. Since
⋃∞
n=0E
(2n is dense in E(∞, we may assume that x ∈ SE(2n
for some n ∈ N. Let us denote x by x(2n to indicate this element is in E(2n. Therefore,
‖fi + δx(2n‖FBL[E(2n] > 2− ε
for every i = 1, . . . , N . By Lemma 2.5, there exists x(2n−2 ∈ BE(2n−2 such that
‖fi + δx(2n−2‖FBL[E(2n−2] > 2− ε
holds for every i = 1, . . . , k. In order to finish the proof, we apply Lemma 2.5 finitely many
times. 
4. Dual Almost Square Banach spaces
In this section, we will be dealing with almost square Banach spaces. Recall that a
Banach space E is almost square (ASQ, for short) if, for every {x1, . . . , xn} ⊆ SE and
every ε > 0, there exists a sequence (yk)k∈N in SE such that ‖xi ± yk‖ → 1 holds for every
i = 1, . . . , n. Notice that the sequence (yk)k∈N can be chosen to be weakly null (actually
equivalent to the c0 basis (see [2])). Almost squareness was introduced in [2], where an
intensive study of it was done. It was proved, among other things, that ASQ spaces satisfy
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the SD2P and that they contain an isomorphic copy of c0. In fact, later, in [8], it was proved
that a Banach space E admits an equivalent ASQ renorming if and only if E contains an
isomorphic copy of c0.
Under certain conditions related to the ASQ on a Banach space E, the projective norm
on E∗⊗̂πF
∗ is octahedral (see [20, Corollary 2.9]). The idea behind it can be translated in
terms of the good behavior of the c0-orthogonality in the injective tensor product, which
is what happens with the free Banach lattice as we can see in the proof of the following
result.
Theorem 4.1. Let E be a Banach space. If the dual E∗ is ASQ, then the norm of FBL[E]
is octahedral.
Proof. In what follows, we will prove that the dual of FBL[E] satisfies the w∗-SD2P (see
characterization [7, Theorem 2.1]). Consider a convex combination of w∗-slices
C =
n∑
i=1
λiSi =
n∑
i=1
λiS(BFBL[E], fi, α),
where Si := S(BFBL[E], fi, α) = {φ ∈ BFBL[E]∗ : φ(f) > 1−α} with α > 0 and f ∈ SFBL[E].
Let ε > 0 be arbitrary. We need to find two elements c1, c2 ∈ C such that ‖c1− c2‖ > 2−ε.
To this end, fix i ∈ {1, . . . , n} and consider the set
A :=
{
n∑
i=1
γiδx∗i : x
∗
i ∈ E
∗, γi ∈ {−1, 1}, sup
x∈BE
n∑
i=1
|x∗i (x)| ≤ 1
}
.
Notice that, by the discussion around equation (2.1), it follows that A is norming for
FBL[E] and A
w∗
= cow
∗
(A) = BFBL[E]∗. Since, for every i ∈ {1, . . . , n}, BFBL[E]∗ \
Si is w
∗-closed and convex, it follows that A ∩ Si 6= ∅. This means that there exists,
for every i ∈ {1, . . . , n}, an element
∑ni
j=1 γijδx∗ij ∈ Si ∩ A. Notice that the condition
supx∈BE
∑ni
j=1 |x
∗
ij(x)| ≤ 1 is equivalent to the fact that ‖
∑ni
j=1 ηjx
∗
ij‖ ≤ 1 holds for every
choice of signs η1, . . . , ηni. Since E
∗ is ASQ, by assumption, we can find a weakly null
sequence (y∗k)k∈N such that
lim
k
∥∥∥∥∥
ni∑
j=1
ηjx
∗
ij ± y
∗
k
∥∥∥∥∥ = 1
for every i ∈ {1, . . . , n} and every choice of signs ηj . By Lemma 2.3, this implies that
lim
k
∥∥∥∥∥
ni∑
j=1
γijδx∗ij ± δy∗k
∥∥∥∥∥ = 1
for every i ∈ {1, . . . , n}. Moreover, notice that y∗k
w
−→ 0 implies that y∗k
w∗
−→ 0. Therefore,
δy∗
k
w∗
−→ 0. Thus, if we define
uik :=
∑ni
j=1 γijδx∗ij + δy∗k
‖
∑ni
j=1 γijδx∗ij + δy∗k‖
,
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and
vik :=
∑ni
j=1 γijδx∗ij − δy∗k
‖
∑ni
j=1 γijδx∗ij − δy∗k‖
,
then uik, v
i
k are sequences in SFBL[E]∗, which converge to
∑ni
j=1 γijδx∗ij . So, we can findm ∈ N
such that uik, v
i
k ∈ Si holds for every k ≥ m and every i ∈ {1, . . . , n}. So,
diam(C) ≥
∥∥∥∥∥
n∑
i=1
λi(u
i
k − v
i
k)
∥∥∥∥∥
for every k ≥ m. Let us estimate ‖
∑n
i=1 λi(u
i
k − v
i
k)‖. To do so, in order to save notation,
let us set
α±ki =
∥∥∥∥∥
ni∑
j=1
γijδx∗ij ± δy∗k
∥∥∥∥∥ .
Now, given k ≥ m, we get that
n∑
i=1
λi(u
i
k − v
i
k) = δy∗k
n∑
i=1
λi
(
1
α+ki
+
1
α−ki
)
+
n∑
i=1
λi
ni∑
j=1
γijδx∗ij
(
1
α+ki
−
1
α−ki
)
.
Notice that α±ki → 1 for every i ∈ {1, . . . , n}. Hence,∥∥∥∥∥
n∑
i=1
λi(u
i
k − v
i
k)
∥∥∥∥∥ ≥
n∑
i=1
λi
(
1
α+ki
+
1
α−ki
)
−
∥∥∥∥∥
n∑
i=1
∣∣∣∣ 1α+ki − 1α−ki
∣∣∣∣λi ni∑
j=1
γijδx∗ij
∥∥∥∥∥
≥
n∑
i=1
λi
(
1
α+ki
+
1
α−ki
)
−
n∑
i=1
∣∣∣∣ 1α+ki − 1α−ki
∣∣∣∣λi −→ 2.

Remark 4.2. In the proof of Theorem 4.1, we actually obtain that FBL[E]∗ has the w∗-
symmetric strong diameter two property, a stronger property than the w∗-SD2P. Recall
that a Banach space E has the symmetric strong diameter two property (SSD2P in short)
if for every n ∈ N, every slices S1, . . . , Sn of BE and every ε > 0, there are xi ∈ Si for
every i ∈ {1, . . . , n} and there exists ϕ ∈ BE with ‖ϕ‖ > 1 − ε such that xi ± ϕ ∈ Si for
every i ∈ {1, . . . , n} (see [15] for examples and background and [26] for applications of this
property). If E is a dual Banach space, the w∗-symmetric strong diameter two property
(w∗-SSD2P) is defined in a similar way just replacing slices with w∗-slices. The authors of
the present paper thank Johann Langemets for pointing out this remark.
Let us observe that it was posed in [2, Question 6.6] as an open question whether the
dual of a given Banach space E can be ASQ. A positive answer has been recently given
in [1]. Even though, to show that Theorem 4.1 applies to a large class of Banach spaces,
notice that in [1, Theorem 3.8] it was proved that if a Banach space E satisfies that E∗
contains an isomorphic copy of c0, then there exists an equivalent renorming of E, say F ,
so that F ∗ is ASQ.
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5. Remarks and open questions
In this section, we will discuss some open questions derived from our work. Recall
that a Banach space E is said to have the Daugavet property if every rank-one operator
T : E −→ E satisfies the equality
‖T + I‖ = 1 + ‖T‖,
where I denotes the identity operator on E. Some examples of Banach spaces enjoying
the Daugavet property are C(K) for a compact Hausdorff and perfect topological space K,
L1(µ), and L∞(µ) for a non-atomic measure µ or the space of Lipschitz functions Lip(M)
over a metrically convex spaceM (see [18, 19, 29, 30] and the references therein for details).
It is known that if E has the Daugavet property, then the norms of E and E∗ are octahedral
[19, Lemmas 2.8 and 2.12].
In the recent paper [27], it has been proved that if E and F are L1-preduals with
the Daugavet property, then E⊗̂πF has the Daugavet property, based on the celebrated
characterization of L1-preduals given in [23] in terms of the existence of extensions of
compact operators. Since the results of this paper are strongly motivated by the known
results about octahedrality in tensor product spaces, we wonder the following.
Question 5.1. Let E be an L1-predual with the Daugavet property. Is the norm of FBL[E]
octahedral?
Even though we do not know the answer, we can at least prove the following result, that
say that we can ensure octahedrality condition when dealing with positive elements in the
following sense.
Proposition 5.2. Let E be an L1-predual with octahedral norm and denote by S
+
FBL[E] the
positive elements of SFBL[E]. Then, for every f1, . . . , fn ∈ S
+
FBL[E] and every ε > 0, there
exists x ∈ SE such that
‖fi + |δx|‖ > 2− ε.
Proof. Let i ∈ {1, . . . , n}. Consider x∗ij ∈ E
∗ and ξij ∈ {−1, 1} such that
ni∑
j=1
ξijfi(x
∗
ij) > 1− ε with sup
x∈BE
ni∑
j=1
|x∗ij(x)| = 1.
Since fi is positive we deduce that
ni∑
j=1
fi(x
∗
ij) > 1− ε.
By a density argument, we can assume, without loss of generality, that fi depends on finitely
many coordinates (see Remark 2.2). This means that there exists a finite-dimensional
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subspace F of E such that if x∗|F = y
∗|F , then fi(x
∗) = fi(y
∗) for every i ∈ {1, . . . , n}.
Now, let xi ∈ BE be such that
ni∑
j=1
|x∗ij(xi)| > 1− ε.
Since the norm of E is octahedral, we can find, for δ > 0, an element x ∈ SE such that
‖e+ λx‖ ≥ (1− δ)(‖e‖+ |λ|)
holds for every e ∈ F and every λ ∈ R. Define, for every i ∈ {1, . . . , n}, an operator
Ti : Fx −→ E by the equation
Ti(e+ λx) = e + λxi,
where e ∈ F and Fx denotes the subspace of E generated by F and x. We claim that
‖Ti‖ ≤
1
1−δ
. Indeed,
‖Ti(e+ λx)‖ = ‖e+ λxi‖ ≤ ‖e‖+ |λ| ≤
1
1− δ
‖e + λx‖.
Since Ti : Fx −→ E is a compact operator and E is an L1-predual, there are compact
extensions (denoted in the same way) Ti : E −→ E such that ‖Ti‖ ≈
1
1−δ
(see [23, Theorem
6.1]). Choosing δ small enough we can assume that ‖Ti‖ ≤ 1 + ε. Define y
∗
ij := x
∗
ij ◦ Ti.
Let us prove that supv∈BE
∑ni
j=1 |y
∗
ij(v)| ≤ 1 + ε. To this end pick v ∈ BE and notice that,
since ‖Ti‖ ≤ 1 + ε, then
Ti(v)
1+ε
∈ BE . Hence
1 ≥
ni∑
j=1
∣∣∣∣x∗ij (Ti(v)1 + ε
)∣∣∣∣ =
∑ni
j=1 |y
∗
ij(v)|
1 + ε
.
Thus, by the definition of the norm of FBL[E], this implies that
∑ni
j=1 δy∗ij ∈ (1+ε)BFBL[E]∗.
Define f := |δx| ∈ SFBL[E]. Since y
∗
ij = x
∗
ij on F , then fi(x
∗
ij) = fi(y
∗
ij). Therefore,
(1 + ε)‖fi + f‖ ≥
ni∑
j=1
δy∗ij (fi + f) =
ni∑
j=1
(fi(x
∗
ij) + |y
∗
ij(x)|)
> 1− ε+
ni∑
j=1
|x∗ij(xi)|
> 2− 2ε.

Concerning the Daugavet property, it is natural to pose the following question.
Question 5.3. Does FBL[E] have the Daugavet property for any Banach space E?
Let us explain why we cannot deduce the Daugavet property from our results. Let E be
a Banach space, take f ∈ FBL[E], and ε > 0. Consider the set
A(f, ε) = {g ∈ BFBL[E] : ‖f + g‖ > 2− ε}.
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Then, FBL[E] has the Daugavet property if and only if cow
∗
(A(f, ε)) = BFBL[E] for every
f ∈ BFBL[E] and ε > 0 (see, e.g. [30, Corollary 2.3]). However, in the proof of Theorem
3.1, the elements of A(f, ε) that we exhibit are of the form δx for x ∈ BX , which clearly
are not enough to generate the whole unit ball by taking closed convex hull. On the other
hand, let us point out that, to the best of our knowledge, it is an open problem (see [30,
Section 6, (3)]) whether the Daugavet property is stable under projective tensor products
of two Banach spaces satisfying both the Daugavet property.
Finally, we wonder if there are free Banach lattices which do not have octahedral norms.
Since every function in FBL[E] is positively homogeneous, it follows that FBL[E] has
dimension 2 whenever E has dimension 1. Thus, a natural example of a free Banach lattice
without octahedral norm is FBL[E] for E one-dimensional. Nevertheless, if dim(E) ≥ 2,
then FBL[E] is infinite-dimensional. For this reason, we wonder the following.
Question 5.4. Let E be a finite-dimensional Banach space of dimension ≥ 2. Is the norm
of FBL[E] octahedral?
Even though we do not know the answer for Question 5.4, let us point out that convex
combination of slices of BFBL[E]∗ cannot have arbitrarily small diameter.
Proposition 5.5. Let E be a finite-dimensional Banach space with dimension n ≥ 2. Let
β be the Banach-Mazur distance between ℓ1(n) and E and set α :=
2
neβ
. Then, every convex
combination of w∗-slices of the dual ball BFBL[E]∗ has diameter greater or equal than α.
Following the notation of [12, Definition 1.10], recall that the norm of a Banach space E
is said to be ε-rough if, for every x ∈ E, it follows that
lim sup
‖h‖→0
‖x+ h‖+ ‖x− h‖ − 2‖x‖
‖h‖
≥ ε.
We say that the norm of E is rough if it is ε-rough for some ε > 0. Notice that roughness
condition means “uniformly nowhere Fre´chet differentiable”. [12, Proposition 1.11] states
that Banach spaces which do not have w∗-slices of arbitrarily small diameter are rough.
Thus, the following corollary follows from Proposition 5.5.
Corollary 5.6. Let E be a finite-dimensional Banach space with dimension n ≥ 2. Then,
the norm of FBL[E] is rough. In particular, it is nowhere Fre´chet differentiable.
The case E = ℓ1(Γ) has a special interest, since in this case the free Banach lattice
generated by E coincides with the free Banach lattice generated by the set Γ (see [4,
Corollary 2.8]). For this case the following holds.
Corollary 5.7. Let Γ be a set with more than one point. Then, the norm of FBL[ℓ1(Γ)]
is rough. In particular, it is nowhere Fre´chet differentiable.
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Proof. When Γ is finite, the result follows from Corollary 5.6. If Γ is infinite then FBL[ℓ1(Γ)]
has an octahedral norm by Theorem 3.1 and Example 1. Consequently, the norm of
FBL[ℓ1(Γ)] is 2-rough (see [12, p. 78]). 
In order to prove Proposition 5.5, we need some technical lemmas. In [11, Proposition
5.3] de Pagter and Wickstead proved that free Banach lattices generated by finite sets are
lattice isomorphic to C(K)-spaces. We reproduce part of the idea of the proof, in terms
of FBL[ℓ1(n)], in the paragraph below for the sake of completeness and to deal with the
constants and the explicit isomorphism appearing in the proof.
Let n ∈ N be fixed. Notice that Sℓ∞(n) is a compact space with the w
∗-topology. The
operator R : FBL[ℓ1(n)] −→ C(Sℓ∞(n)) given by Rf = f |Sℓ∞(n) is a surjective Banach lattice
isomorphism. De Pagter and Wickstead proved that
1
n
‖f‖ ≤ ‖R(f)‖∞ ≤ ||f ||
for every f ∈ FBL[ℓ1(n)]. The fact thatR is surjective follows from the lattice version of the
Stone-Weierstrass Theorem, since R(FBL[ℓ1(n)]) is a closed (linear) sublattice of C(Sℓ∞(n))
that separates points, and contains the constant function 1 = R(|δe1| ∨ |δe2 | ∨ . . . ∨ |δen|).
Indeed, since ‖|δe1| ∨ |δe2| ∨ . . .∨ |δen|‖ = n (see the comments below [11, Proposition 5.3]),
it follows from the monotony of the norm and the fact that f ≤ 1 for every f ∈ BC(Sℓ∞(n))
that
‖R‖ = 1 and ‖R−1‖ = n.
With the previous notation in mind, we get the following lemmas.
Lemma 5.8. Let n ∈ N. Then, for every γ1, . . . , γm ∈ R, we have∥∥∥∥∥
m∑
i=1
γiδx∗i
∥∥∥∥∥ ≥ 1n
m∑
i=1
|γi|,
whenever x∗1, . . . , x
∗
m ∈ Sℓ∞(n) are all different from each other.
Proof. For each x∗i ∈ Sℓ∞(n), set δ˜x∗i ∈ C(Sℓ∞(n)) the corresponding evaluation functional.
Notice that ∥∥∥∥∥
m∑
i=1
γiδ˜x∗i
∥∥∥∥∥ =
m∑
i=1
|γi|
Moreover,
R∗(δ˜x∗i )(f) = x
∗
i (Rf) = f(x
∗
i ) = δx∗i (f) for every f ∈ FBL[ℓ1(n)],
i.e., R∗(δ˜x∗i ) = δx∗i for every i ≤ m. But then, bearing in mind that ‖(R
∗)−1‖ = n, we
conclude that ∥∥∥∥∥
m∑
i=1
γiδx∗i
∥∥∥∥∥ =
∥∥∥∥∥R∗
(
m∑
i=1
γiδ˜x∗i
)∥∥∥∥∥ ≥ 1n
∥∥∥∥∥
m∑
i=1
γiδ˜x∗i
∥∥∥∥∥ = 1n
m∑
i=1
|γi|.
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
Lemma 5.9. Let n ∈ N and E be a Banach space of dimension n. Let β be the Banach-
Mazur distance between E and ℓ1(n). Then, for every γ1, . . . , γm ∈ R, we have∥∥∥∥∥
m∑
i=1
γiδx∗i
∥∥∥∥∥ ≥ 1neβ
m∑
i=1
|γi|‖x
∗
i ‖,
whenever x∗1, . . . , x
∗
m ∈ E
∗ are pairwise independent.
Proof. Let T : ℓ1(n) −→ E be an isomorphism. We have that
‖x‖
‖T−1‖
≤ ‖Tx‖ ≤ ‖T‖‖x‖
for every x ∈ ℓ1(n). By the universal property of free Banach lattices, T extends uniquely
to a lattice homomorphism Tˆ : FBL[ℓ1(n)] −→ FBL[E] such that Tˆ (δx) = δTx for every
x ∈ ℓ1(n) and ‖Tˆ‖ = ‖T‖. Moreover, Tˆ
∗(δx∗) = δT ∗x∗ for every x
∗ ∈ E∗. Thus, if
x∗1, . . . , x
∗
m ∈ E
∗ are pairwise independent elements, then∥∥∥∥∥
m∑
i=1
γiδT ∗x∗i
∥∥∥∥∥ =
∥∥∥∥∥Tˆ ∗
(
m∑
i=1
γiδx∗i
)∥∥∥∥∥ ≤ ‖T‖
∥∥∥∥∥
m∑
i=1
γiδx∗i
∥∥∥∥∥ .
Now, by Lemma 5.8, we have∥∥∥∥∥
m∑
i=1
γiδT ∗x∗i
∥∥∥∥∥ =
∥∥∥∥∥
m∑
i=1
γi‖T
∗x∗i ‖δ T∗x∗i
‖T∗x∗
i
‖
∥∥∥∥∥
≥
1
n
m∑
i=1
|γi|‖T
∗x∗i ‖
≥
1
n‖T−1‖
m∑
i=1
|γi|‖x
∗
i ‖
=
1
n‖T−1‖
m∑
i=1
|γi|‖δx∗i ‖.
Thus, ∥∥∥∥∥
m∑
i=1
γiδx∗i
∥∥∥∥∥ ≥ 1‖T‖
∥∥∥∥∥
m∑
i=1
γiδT ∗x∗i
∥∥∥∥∥ ≥ 1n‖T−1‖‖T‖
m∑
i=1
|γi|‖δx∗i ‖.
Since the last inequality holds for any isomorphism T : ℓ1(n) −→ E, the conclusion follows
from the definition of the Banach-Mazur distance. 
Proof of Proposition 5.5. Set C :=
∑k
i=1 λiSi to be any convex combination of w
∗-slices of
BFBL[E]∗. Recall that the set
A :=
{
n∑
i=1
ξiδx∗i ∈ FBL[E]
∗ : x∗i ∈ E
∗, ξi ∈ {−1, 1}, sup
x∈BE
n∑
i=1
|x∗i (x)| ≤ 1
}
.
is norming, so BFBL[E]∗ = co(A)
w∗
. Since BFBL[E]∗ \Si is convex and w
∗-closed, this implies
that, for every i ∈ {1, . . . , k}, there exists an element
∑ni
j=1 γijδx∗ij ∈ A ∩ Si. Now, since
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n > 1, we can find pairwise independent functions y∗ij, z
∗
ij ∈ BE∗ for every i ∈ {1, . . . , k}
and j ∈ {1, . . . , ni} such that each y
∗
ij and each z
∗
ij are arbitrarily close to x
∗
ij. In particular,
since the functions in FBL[E] are norm continuous (because E is finite-dimensional), we
can assume that
∑ni
j=1 γ
′
ijδy∗ij and
∑ni
j=1 γ
′′
ijδz∗ij belong to Si and have norm one for every
i ∈ {1, . . . , k}. Now, it follows from Lemma 5.9 that∥∥∥∥∥
k∑
i=1
λi
ni∑
j=1
γ′ijδy∗ij −
k∑
i=1
λi
ni∑
j=1
γ′′ijδz∗ij
∥∥∥∥∥ ≥ 1neβ
k∑
i=1
ni∑
j=1
λi(|γ
′
ij|‖y
∗
ij‖+ |γ
′′
ij|‖z
∗
ij‖).
But
1 =
∥∥∥∥∥
ni∑
j=1
γ′ijδy∗ij
∥∥∥∥∥ ≤
ni∑
j=1
|γ′ij|‖y
∗
ij‖
and, analogously,
1 =
∥∥∥∥∥
ni∑
j=1
γ′′ijδz∗ij
∥∥∥∥∥ ≤
ni∑
j=1
|γ′′ij|‖z
∗
ij‖.
Thus, we conclude that∥∥∥∥∥
k∑
i=1
λi
ni∑
j=1
γ′ijδy∗ij −
k∑
i=1
λi
ni∑
j=1
γ′′ijδz∗ij
∥∥∥∥∥ ≥ 1neβ
k∑
i=1
2λi =
2
neβ
= α
and so C has diameter at least α, as desired. 
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